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ABSTRACT 

I m p l i c i t  compact f i n i t e  d i f f e r e n c e  schemes f o r  t h e  Euler  equa t ions  

are desc r ibed  which f u r n i s h  equivalent  t r ea tmen t s  of t h e  conse rva t ion  
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producing scheme. An ex tens ion  of t he  scheme a l s o  treats t h e  compressible 

Navier-Stokes equat ions;  when t h e  v i s c o s i t y  and h e a t  conduction c o e f f i c i e n t s  

are n e g l i g i b l e  only t h e  boundary data  a p p r o p r i a t e  t o  t h e  Euler  equat ion 
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This  paper  d i scusses  a class of compact f i n i t e  d i f f e r e n c e  schemes f o r  t h e  

Euler  and Navier-Stokes equat ions.  These schemes are c l o s e l y  r e l a t e d  t o  

schemes descr ibed  i n  P h i l i p s  and Rose [41 bu t  a r e  developed h e r e  wi th  s p e c i f i c  

r e fe rence  t o  hydrodynamics i n  order  t o  t rea t  important  d e t a i l s  which are n o t  

immediately ev ident  i n  a more genera l  mathematical  s e t t i n g .  However, s o l u t i o n  

methods which are descr ibed  i n  [ 4 ]  a l s o  apply t o  t h e  schemes considered h e r e  

and, where appropr i a t e ,  we r e f e r  t h e  r eade r  t o  t h a t  paper f o r  f u r t h e r  d e t a i l s .  

The paper  i s  divided i n t o  two e s s e n t i a l l y  s e p a r a t e  b u t ,  neve r the l e s s ,  

c l o s e l y  r e l a t e d  p a r t s .  P a r t  I t r e a t s  t h e  Euler  equat ions  and shows t h e  formal  

equiva lence  betweeen s o l u t i o n s  of the conserva t ion  and nonconservat ion forms 

of a compact f i n i t e  d i f f e r e n c e  scheme which arises from a c o n s i s t e n t  u se  of 

t h e  product  r u l e  f o r  d i f f e rences .  A s l i g h t  modi f ica t ion  y i e l d s  an entropy- 

producing scheme. P a r t  11 extends the  scheme t o  t h e  Navier-Stokes equat ions ,  

our  p r i n c i p l e  o b j e c t i v e  being t o  demonstrate t h a t ,  as t h e  c o e f f i c i e n t s  of 

v i s c o s i t y  and h e a t  conduction vanish,  only t h e  boundary cond i t ions  f o r  t h e  

a s s o c i a t e d  Eu le r  problem in f  h e n c e  t h e  s o l u t i o n ,  a r e s u l t  c o n s i s t e n t ,  

t h e r e f o r e ,  wi th  s i n g u l a r  pe r tu rba t ion  arguments. 



P a r t  I 

1.1. I n t r o d u c t i o n  

Smooth s o l u t i o n s  of systems of hype rbo l i c  equa t ions  i n  t h e  conse rva t ion  

form 

(1.1) 

a l s o  s a t i s f y  

(1 .2)  

Ut + Fx(U) = 0, 

Ut + A(U)U = 0, 

where A = grad F. Equation (1.1) a l s o  permits  weak s o l u t i o n s ,  i.e., solu- 

t i o n s  which a r e  smooth except along c e r t a i n  curves  x = x ( t )  a c r o s s  which 

(1-3)  [VI; - [Fl = 0,  

where 1 i n d i c a t e s  t he  jump i n  va lue  a c r o s s  x = x ( t ) .  General ly ,  s o l u t i o n s  

s a t i s f y i n g  (1.3) are not uniquely determined; f o r  problems of p h y s i c a l  

i n t e r e s t  a unique s o l u t i o n  can be determined by t h e  requirement t h a t  an entro-  

py cond i t ion  a l s o  be s a t i s f i e d  a c r o s s  t h e  d i s c o n t i n u i t y .  Such a s o l u t i o n  may 

X 

a l s o  be cha rac t e r i zed  as t h e  weak l i m i t  of smooth s o l u t i o n s  of 

(1 -4) 

a s  v + 0. 

U t  + A(U)U = vuxx, 
X 

In a p p l i c a t i o n s  t o  i n v i s c i d  f l u i d  dynamics (1.1) are t h e  Euler  equat ions 

which expres s  the  conservat ion of mass, momentum, and energy; i f  x = x ( t )  i s  

a shock d i s c o n t i n u i t y ,  (1.3) express  t h e  Rankine-Hugoniot condi t ions.  Equa- 

t i o n  (1.4) is a model of t h e  Navier-Stokes equa t ions  f o r  which (1.1) i s  t h e  

i n v i s c i d  s i n g u l a r  p e r t u r b a t i o n  l i m i t  (v + 0) .  

These observat ions play an important r o l e  i n  computational f l u i d  dyna- 

m i c s .  The a r t i f i c i a l  v i s c o s i t y  method of von Neumann and Richtmyer [51 is  

based upon a v a r i a n t  of (1.4) and has  been a widely employed shock-capturing 

f i n i t e  d i f f e r e n c e  technique. The work of Lax [2] and o t h e r s  has  emphasized 

t h e  f a c t  t h a t  c e r t a i n  f i n i t e  d i f f e r e n c e  schemes having t h e  conse rva t ion  pro- 

p e r t y  expressed by (1.1) a l s o  converge t o  t h e  p h y s i c a l l y  r e l e v a n t  discon- 
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t inuous  s o l u t i o n  of (1.1)- For one dimensional problems such conservat ion-  

preserv ing  d i f f e r e n c e  schemes have proved t o  be more e f f e c t i v e  than a r t i f i c i a l  

v i s c o s i t y  methods i n  reducing the  spread of t h e  numerical  s o l u t i o n  a t  discon- 

t i n u i t i e s .  I n  h igher  dimensions no completely s a t i s f a c t o r y  methods f o r  shock 

cap tu r ing  are y e t  ava i l ab le .  

I n  a r ecen t  s tudy of a c l a s s  of i m p l i c i t  compact f i n i t e  d i f f e r e n c e  

schemes ( P h i l i p s  and Rose 141) a Riemann problem was t r e a t e d  w i t h  reasonable  

accuracy i n  s p i t e  of t h e  f a c t  t h a t  the scheme w a s ,  fo rmal ly ,  nonconservat ive.  

P a r t  I of t h i s  paper c l a r i f i e s  t h i s  r e s u l t .  We are a b l e  t o  show by pu re ly  

formal arguments t h a t  when a leapfrog scheme is used t o  express  the  conser- 

v a t i o n  form of t h e  Euler  equat ions  c e r t a i n  n a t u r a l  a u x i l i a r y  cond i t ions  t r ans -  

form the  sys t em t o  an equiva len t  nonconservative form. We are a l s o  a b l e  t o  

desc r ibe  a modi f ica t ion  of t h e  scheme which is entropy-producing (i .e. ,  physi-  

c a l l y  d i s s i p a t i v e ) .  

$ 

2 -  The Euler  Equations 

The Euler  equat ions  i n  one dimension may be descr ibed  as follows: d e f i n e  

Equat ions express ing  conserva t ion  of mass, momentum, and energy i n  a domain 

8 i n  t h e  ( x , t )  p lane  are given by 

Dp = 0 

~ p u  + axp = o 

6 p E  + ax(pu) = 0 

i n  which p = dens i ty ,  u = v e l o c i t y ,  E = t o t a l  s p e c i f i c  energy, 
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2 p = p r e s s u r e -  I f  e = s p e c i f i c  i n t e r n a l  energy then  E = u 12 + e and 

p = (y-l)pe,  t h e  l a t t e r  express ing  t h e  equat ion  of s ta te  of a p e r f e c t  gas  

wi th  gas cons t an t  y. 
0 0 

Consider smooth s o l u t i o n s  of ( 2 . 2 ) ;  s i n c e  D p  = 0 then  Dp4 = pD 4 and t 

( 2 . 2 )  may be  transformed t o  t h e  nonconservat ion form ' 

Dp = 0 

pD u + a p = 0 
t X 

t X X 

( 2 . 3 )  

p~ E + pa  + Ua p = o 
2 I f  use  i s  made of the momentum equat ion  and t h e  r e l a t i o n s h i p  l/2Dtu = UD u 

t h e  energy equat ion in  (2 .3 )  can be expressed i n  t h e  form 

t 

. 

Next, employ t h e  f i r s t  l a w  of thermodynamics i n  t h e  form 

( 2 . 4 )  

where s = ent ropy  and T = temperature  t o  o b t a i n  

pD e + p a  u = pTDts. ( 2 . 5 )  

pDte  + paxu = 0. 

-1 de = Tds - pdp 

t X 

Thus, f o r  smooth nonviscous flows t h e  energy equat ion  is equ iva len t  t o  

D s = O .  
t ( 2 . 6 )  

3. A Compact F i n i t e  D i f f e rence  Scheme 

The equivalence of (2 .2 )  and (2 .3 )  depends upon t h e  product  rule f o r  

d i f f e r e n t i a t i o n  

~ 4 4 )  = + $84 

f o r  smooth functi 'ons. A similar product  r u l e  h o l d s  f o r  d i f f e r e n c e  o p e r a t o r s  

and i t  I s  reasonable t o  examine t h e  formal  consequences of employing the r u l e  

i n  f i n i t e  d i f f e rence  equat ions .  
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In  order  t o  do so l e t  6x,6t denote  c e n t r a l  d iv ided  d i f f e r e n c e  opera- 

c e n t r a l  averaging ope ra to r s  on a mesh whose c h a r a c t e r i s t i c  
\ 

Px> pt 
t o r s  and 

l eng th  is h. The product r u l e  f o r  d i f f e r e n c e s  is 

N@+) = ( p @ j 6 +  + (IL+)~@. 

Next, p a r t i t i o n  t h e  fundamental domain 8 by cel ls  {E:) t o  ob ta in  Qh; a 

a t y p i c a l  c e l l  is shown below: 
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Figure  1: P o i n t s  a s s o c i a t e d  w i t h  t h e  s i d e s  

of a computat ional  c e l l  2' i' 

Corresponding t o  (2.2) cons ider  t h e  l eap f rog  scheme 

*h D p = O  

oh 
D (pu) + 6xp = 0 ( 3 . 4 )  

The conservat ion proper ty  of ( 3 . 4 )  is expressed by t h e  f a c t  t h a t  i f  any of 

t h e s e  equat ions is summed over any set  of cont iguous c e l l s  of 64, t h e r e  

remains only cont r ibu t ions  a r i s i n g  from t h e  boundary of t h e  subdomain. These 

equat ions  express t h r e e  a l g e b r a i c  r e l a t i o n s h i p s  between t h e  twelve va lues  of 

p, u, and E 

I 

n a t  the  c e n t e r  p o i n t s  of t he  siaes of t h e  c e l l  A mixed in i -  

I t ia l -boundary value problem f o r  a c e l l  may be  posed i n  which p,  u, E are 
I 

j o i n t l y  prescr ibed a t  

(xi* 1/2 , t n )  

(xi, tn+ 1/2' equations ( 3 . 2 )  must be Supplemented by t h r e e  f u r t h e r  condi t ions .  

(xi,tn- 1/2 ) and, i n d i v i d u a l l y ,  a t  e i t h e r  boundary s i d e  

I . In o rde r  t o  a l g e b r a i c a l l y  determine p, u, E a t  

- 6 -  
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(3.5) 

In  view of Lemma 1, i f  t he  condi t ions ,- 

vtE = PXE, 

are adjo ined  t o  ( 3 . 4 )  a s o l u t i o n  w i l l  a l s o  s a t i s f y  

*h D p = O  

(ptP)Dtu + 6xp = 0 
h 

(3.6) 

h 
(PtPDtE + (PxP)6xu + (PXU)GXP = 0 

which may be compared t o  ( 2 . 3 )  

From Lemma 2,  

so  t h a t  use of t h e  momentum equat ion as expressed by the second equat ion  i n  

(3.6) y i e l d s  t h e  energy equat ion i n  the form 

Refe r r ing  t o  ( 2 . 4 )  t h e  f i r s t  l a w  of thermodynamics may be w r i t t e n  i n  t h e  

form 

D h e = T D h s - (Pxp)DtP -1 9 

h t  t (3.8) 

n 
io Prom Lemma 1 ir. which Th is a t e z p r a t u r e  value i n t e r i o r  t o  the  ceii TI 

as w e l l  as t h e  d e f i n i t i o n  of 6h w e  have 

s o  t h a t ,  i n  view of (3 .7 ) ,  

(3.10) 
h 
t 

These r e s u l t s  are summarized in:  

D s = O ,  
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Theorem 1: I f  a mixed ini t ia l -boundary va lue  problem f o r  ( 3 . 4 )  is  s o l v a b l e  

i n  a c e l l  71: with the  a u x i l i a r y  cond i t ions  ( 3 . 5 )  t h e  s o l u t i o n  a l s o  satis- 

f i e s  ( 3 . 6 )  i n  which the  conservat ion of energy equat ion can a l s o  be expressed 

n 
i 

by ( 3 . 7 ) .  Conversely, t he  s o l u t i o n  

s a t i s f i e s  ( 3 . 4 ) .  I n  e i t h e r  problem, 

It  is  p l a u s i b l e  t o  expect t h a t  

of t h e  problem formulated f o r  (3 .6 )  a l s o  

h 
t 

D s = O .  

t he  equivalence expressed by t h i s  theorem 

a l s o  w i l l  extend t o  the  system of a l g e b r a i c  equa t ions  which r e s u l t s  by 

t r e a t i n g  a mixed ini t ia l -boundary va lue  problem on the  computational domain 

n Qh which is composed of c e l l s  {ni}. However, both t h e  e x i s t e n c e  of a so- 

l u t i o n  and i t s  convergence as h + 0 can only be expected t o  r e s u l t  when t h e  

formulat ion of t h e  boundary cond i t ions  i s  c o n s i s t e n t  w i th  inf low and outflow 

cond i t ions  which arise from t h e  theory of c h a r a c t e r i s t i c s  of t h e  d i f f e r e n t i a l  

equat ion ( 2 . 2 )  or  ( 2 . 3 ) .  We s h a l l  not  d i s c u s s  t h i s  ques t ion  here .  

I n  t h e  following s e c t i o n  w e  s h a l l  d e s c r i b e  a s imple means of modifying 

t h e  a u x i l i a r y  condi t ions ( 3 . 5 )  so as t o  res i l t  i n  t h e  entropy cond i t ion  

h D t S  > 0. 

4.  An Yntropy-Producing Scheme 

When, in s t ead  of t he  a u x i l i a r y  cond i t ions  ( 3 . 5 ) ,  only t h e  cond i t ions  

(PtP)(ILXU) = PX(PU) 

P t U  = 
(4.1) 

are adjoined t o  ( 3 . 4 )  t h e  a p p l i c a t i o n  of Lemma 1 r e s u l t s  i n  

*h D p = O  

(ptP)Dtu + 6 p = 0 
h 

X 
h 

(PtP)DtE + 6 x ( p ~ )  = (ptE - PxE)f'x(Pu), 

-8- 
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i n s t e a d  of (3.6)- Previous arguments show t h a t  t h e  last  equat ion  may be  

rep  laced  by 

Hence t h e  cond i t ion  

= pxE + ahx(pu), (4-4)  P t E  d > 0, 

w i l l  r e s u l t  i n  

h 
D t s  > 0, 

and thus  w i l l  y i e l d  an entropy-producing scheme when combined wi th  (4.1)- 

I n  t h e  a p p l i c a t i o n  of t h i s  theory a s i m p l i f i e d  approximation t o  condi- 

t i o n s  ( 3 . 5 )  o r  t o  (4.1) and (4.4) is use fu l .  We have 

I f  ptu = pxu an app l i ca t ion  of t h i s  l e m m a  shows t h a t  

2 2 
p(u 1 = ( p d 2  + 1, 

EO tha t  
2 

(ptE - pxE) = (pte - Pxe) + O(h ) 

Also,  

2 
(PtP)(PxU) - P,(PU) = (PtP - PXP)(PXU) + O(h ) -  

2 Then, t o  terms of order  h condi t ion (4.1) may be approximated by 

(4.5) 

and cond i t ion  (4.4) by 

(4 -6 )  p t e = p X e + d x ( p u ) .  
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With t h e s e  approximations t h e  argument which allowed t h e  energy equat ion  

i n  ( 3 . 6 )  t o  be expressed i n  terms Df e by ( 3 . 7 )  a l s o  y i e l d s  ( 4 . 2 )  i n  t h e  
I 

form 

oh D p - 0  

I 
I 

' ,  

' I  

( 4 . 7 )  (pxp)D:u + 6 X u = 0 

h 
= (PXP>ThDts 2 0. 

I n  o r d e r  to  avoid having t h e  O(h2) approximations used i n  ( 4 . 5 )  and 

h ( 4 . 6 )  d e s t r o y  the entropy cond i t ion  

( 4 . 8 )  

D t s  2 0 we  may t a k e  

2 
CI = aoh + O(h ). 

W e  summarize these r e s u l t s  i n  t h e  fo l lowing  

Theorem 2 :  Under t h e  a u x i l i a r y  cond i t ions  ( 4 . 1 )  and ( 4 . 4 )  t h e  l eap f rog  

scheme ( 3 . 4 )  is entropy producing and is equ iva len t  t o  ( 4 . 2 ) .  This  equiva- 

l ence  is preserved t o  terms of second o rde r  i n  h when (4 .1 )  and ( 4 . 4 )  are 

rep laced  by (4 .5 )  and ( 4 . 6 )  and when ( 4 . 2 )  is  rep laced  by ( 4 . 7 ) .  

The leapf rog  scheme (3 .4 )  expresses ,  t o  terms of second o rde r  i n  Ax 

and A t ,  t h e  i n t e g r a l  form of t he  d i f f e r e n t i a l  equa t ions  ( 2 . 2 )  i n  a ce l l  

x when t h e  values occurr ing  i n  ( 3 . 4 )  are i n t e r p r e t e d  as average va lues  a long  

t h e  s i d e s  of the ce l l .  I f  we regard as equ iva len t  any two s o l u t i o n s  of t h e  

n 
i 

d i f f e r e n t i a l  equat ions ( 2 . 2 )  i n  a c e l l  which have t h e  same average  va lues  of 

t h e i r  i n i t i a l  and boundary d a t a  then any equ iva len t  s o l u t i o n s  of ( 2 . 2 )  w i l l  

s a t i s f y  ( 3 . 4 )  t o  t h e  same degree of approximation. Th i s  equiva lence  class in-  

c ludes  s o l u t i o n s  of (2 .2 )  which have d i s c o n t i n u i t i e s  i n t e r i o r  t o  7tn It is 
i' 

n o t  d i f f i c u l t  t o  conclude t h a t  i f  a s o l u t i o n  of ( 3 . 4 ) ,  ( 4 . 1 ) ,  and ( 4 . 4 )  con- 

loC convergence then  t h e  
1 

verges  i n  Qh f o r  h + 0 i n  t h e  sense  of bounded L 
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s o l u t i o n  w i l l  a l s o  s a t i s f y  t h e  i n t e g r a l  form of (2.2) on every subdomain of Q 

and moreover, w i l l  l e ad  t o  a weak form of t h e  entropy i n e q u a l i t y  D t s  > 0. 

The d i s c u s s i o n  i n  P a r t  I has  e s t a b l i s h e d  t h e  e q u i v a l e n t  t r ea tmen t  of 

conse rva t ion  and nonconservation forms of t h e  Euler  equa t ions  by compact 

f i n i t e  d i f f e r e n c e  schemes. A discussion of numerical  methods f o r  t r e a t i n g  

such schemes has  been given i n  P h i l i p s  and Rose [41 .  Although t h e  scheme 

employed i n  t h a t  paper d i f f e r s  from the scheme descr ibed h e r e  i n  t h e  manner i n  

which d i s s i p a t i o n  is introduced t h e  d i f f e r e n c e  is s l i g h t  and t h e i r  numerical  

r e s u l t s  f o r  a Riemann problem a l s o  s e r v e  t o  v a l i d a t e  t h e  methods desc r ibed  

here .  

W e  ask t h e  r eade r  t o  v e r i f y  that no e s s e n t i a l  change i n  our t reatment  of 

t h e  one-dimensional case is required i n  o rde r  t o  extend our  argument t o  h i g h e r  

space dimensions. 
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Part I1 

11.1. Introduction - 
The Euler equations arise as the formal singular perturbation limit 

of the Navier-Stokes equations as the coefficients of viscosity and heat 

conduction vanish and it may be conjectured that the class of correct 

mathematical boundary conditions for the Euler equations are determined 

by the "outer expansions" of the Navier-Stokes equations in the sense of 

singular perturbation theory. A'simple energy argument suggests that the 

Navier-Stokes equations are well-posed under boundary conditions which are 

independent of the Mach number (Problem P). In contrast, the theory of 

characteristics for hyperbolic equations shows that the number of boundary 

conditions for the Euler equations depends upon the Mach number and is, 

generally, less than the number of boundary conditions which are appropriate 

for the Navier-Stokes equations. This reduction in the number of boundary 

conditions is a characteristic feature of singular perturbation problems. 

Motivated by Part I we here describe a compact finite difference scheme 

for treating the compressible Navier-Stokes equations. A study of the 

resulting finite-difference scheme ( 3 . 9 )  shows that only the Euler boundary 

conditions have an appreciable effect on the solution as the viscosity and 

heat conduction coefficients vanish. A s  a result the difference scheme 

(3.9) provides for a treatment of both problems under boundary conditions 

which are independent of the Mach number. 

problems where characteristics may not be known a priori. 

This can be important in practical 

11.2. The Navier-Stokes Equations 

Let k, 1-1, A ,  cv, c denote the coefficient of heat conduction, the 
P 

shear and second coefficients of viscosity, and the specific heats at 
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; 
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. !  

I 
I 
i 

! 
. i  

I 

cons tan t  volume and p res su re ,  r e spec t ive ly .  I f  R = c  - c  so  t h a t  

y = c  /c  t h e  equat ion  of state i n  t e r m s  of t h e  tempera ture  T may be  

w r i t t e n  p =  RpT. 

P V  

P V  

I n  terms of t h e  o p e r a t o r  li de f ined  i n  P a r t  I (eq. (2 .1))  the 

conse rva t ion  form of t h e  Navier-Stokes equa t ions  i s  g iven  as 

li = o  
P 

6 u +  g radp  = d i v  T '  
P- 

i E + div(pu)  P = div(uIT') I - d i v  - h 
P 

i n  which n v  is  t h e  reduced stress t enso r  

and - h is t h e  h e a t  f l u x  g iven  a s  

h = -k grad  T ( 2 . 3 )  - 

The r e l a t i o n s h i p  between the o p e r a t o r s  f, and Dt descr ibed  i n  

- 
Part  1 may be  used t o  t ransform (2 .1)  t o  t h e  nonconservat ion forin 

( 2 . 4 )  

I f  

i, = o  
P 

Dtx + R grad T + p - I R T  grad p = p-' d i v  'rr' 

D T + (y-l)T div -1 
= (pc,) (TT' grad  g - d i v  - h)  . t 

(2.5) f E I T '  g rad  2 

i t  is  n o t  d i f f i c u l t  t o  v e r i f y  t h a t  

-13- 



f = ~ ( p c  ) -1 [ u x + v  2 2 + 2 ( u  +vx)  2 + X(div 2) 2 J 
V Y Y 

( 2 . 6 )  

i s  nonnegative. Hence, u s ing  ( 2 . 3 ) ,  t h e  energy equa t ion  i n  ( 2 . 4 )  assumes 

t h e  form 

D T + (y-l)T d i v  u = k(pc ) - l  d i v  grad T + f 
V - t ( 2 . 7 )  

Using t h e  thermodynamic r e l a t i o n s h i p  given by ( 2 . 4 )  i n  P a r t  I i t  is  a 

s i m p l e  e x e r c i s e  t o  v e r i f y  t h a t  t h e  second l a w  of thermodynamics ho lds  i n  

t h e  form 

-1 
( 2 . 8 )  p D t  s +  d i v  (T - -  h )  > 0. 

The equations ( 2 . 4 )  and ( 2 . 7 )  may then  be expressed i n  t h e  form 

U + A U  + B U  = C U x x +  2 D U  + E U  + F 
t X Y XY YY 

( 2 . 9 )  

where t h e  transpose of U is  (p,  u ,  v,  T) and 
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/ u  I P 0 O \  / a,. 

I 6 
u O =1\A21 

= \ :\ I (y-1)T 0 U 

(2 . lo) 
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!Jc 

k i n  which Pr = 2 i s  t h e  P r a n d t l  number. 

It w i l l  be  convenient t o  in t roduce  t h e  ma t r ix  

(2.11) J = d i a g ( O , l y l , l ) y  

and t o  w r i t e  equations (2 .9 )  i n  system form as 

(2.12) 

Ut + A U x  + B U  = J ( V x + W  + F )  
Y Y 

C U x +  D U  = J V  
Y 

D U X +  E U  = J W .  
Y 

Because the e l l i p t i c  ope ra to r  on t h e  right-hand s i d e  of equa t ion  (2 .12 )  

has  rank 3, i t  is  no t  immediately apparent  how boundary c o n d i t i o n s  may be 

imposed. To t h i s  end, consider  t h e  one-dimensional problem 

(2.13) U, + AUwr = Cum, 
L A 

where A i s  symmetric, and c o n s t a n t ,  

/ all 
A =  

k 2  

and a > 0 while 11 

0 

c = (  0 

*12) Y 

c22 O )  , 

A22 

is  non-negative. With i n i t i a l  and boundary c o n d i t i o n s  given by 
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(2.14) 

- 
a )  U(x,O) = U , 

b) U(0,t) = 0 , 

c )  JU(1,t) = 0 , 

i f  (2.13) i s  m u l t i p l i e d  by UT and then i n t e g r a t e d  t h e  r e s u l t  is  t h e  

1 1  energy" expression 

I f UTUdx + f uTcu dx+U T (&AU-CUx) 0 = . 
d t  x x  

0 0 

Employing t h e  i n i t i a l  and boundary condi t ions (2.14) and n o t i n g  t h a t  

by assumption, t h e r e  r e s u l t s  

(2.15) ]UT(x,t)U(x,t)dx - < c T ( x ) i ( x ) d x ,  

all > 0 

0 0 

where t h e  e q u a l i t y  a p p l i e s  i f  and only i f  

implies  t h e  uniqueness of t h e  so lu t ion  f o r  t h e  l i n e a r  problem considered.  

Ux = const .  Th i s ,  of course,  

Were t h i s  argument a p p l i c a b l e  t o  t h e  hydrodynamic problem (2.9) w e  would 

have a l l = u  

correspond t o  inf low and outf low condi t ions.  We thus  s ta te :  

i n  which case t h e  boundary cond i t ions  (2.14b) and ( 2 . 1 4 ~ )  would 

-- Problem P: Solve t h e  Navier-Stokes equa t ions  i n  t h e  form (2;12) i n  a domain 

D iinder t h e  i n i t i a l  and boundary condi t ions 

(2.16) 

U(x,y,O) = u 
u ( * , t )  = U  inf low 

J U ( * , t )  = J U  outflow. 

More s p e c i f i c a l l y ,  we assume D i s  t h e  u n i t  square on which inf low c o n d i t i o n s  

apply f o r  x=O o r  y=O whi l e  outflow c o n d i t i o n s  apply f o r  x = l  o r  y=1. 
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A more complete d i s c u s s i o n  of properly-posed boundary c o n d i t i o n s  

f o r  problems of t h i s  t y p e  has beer, given by Str ikwerda [ 6 ] .  

11.3.  A Compact F i n i t e  D i f f e rence  Scheme 

I f  we  ignore f o r  t h e  t i m e  being the f a c t  t h a t  t h e  t e r m  F i n  (2.9) 

is  a f u n c t i o n  of Ux and U t h i s  equat ion is similar t o  t h e  type  of 

problem which was t r e a t e d  by P h i l i p s  and Rose [ 4 ]  by means of a second- 
Y 

o rde r  a c c u r a t e  compact f i n i t e  d i f f e r e n c e  scheme. However, t h e i r  

argument depended e s s e n t i a l l y  upon t h e  f a c t  t h a t  t h e  c o e f f i c i e n t  matrices 

C ,  D ,  E i n ( 2 . 9 )  were nonsingular ;  i n  o rde r  t o  d e s c r i b e  t h e  ex tens ion  

necessa ry  when these  c o e f f i c i e n t s  are s i n g u l a r  (compare (2 - 10)) i t  appears  

s imples t  t o  r ede r ive  t h e  d e r i v a t i o n  of t h e  d i f f e r e n c e  equa t ions  from 

elementary p r i n c i p l e s .  This  i s  done he re .  

We suppose t h e  computational domain can be subdivided i n t o  r e c t a n g u l a r  

A t  
computational c e l l s  

Again, w r i t e  Un = U(jAx,kAy,nAt) and employ t h e  n o t a t i o n  

nTTn {(x,y, t ) :Jx-x.  I < ~ 2 ,  IY-Ykl < A Y / ~ ,  It-tnl 
jk J 

j k  

(3.1) 

etc. When no confusion is l i k e l y  t o  arise w e  suppres s  t h e  s p a t i a l  i n d i c e s  

n n , 6 un ; utun , 
lJyUn Y 

by w r i t i n g  Un = U ( * , = , n A  t) ;  thus  uxU , tixu , 
n 

involve t h e  values of U a t  t h e  c e n t e r  p o i n t s  of t h e  f a c e s  of t h e  ce l l  T . 
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I 

, 

The approximation method t o  be d e s c r i b e d . i s  based upon t h e  fo l lowing  

idea:  suppose t h e  s o l u t i o n  U = U  of (2.11) is known t o  be smooth; t hen  

t h e  r e s u l t  of approximating t h e  c o e f f i c i e n t  matrices i n  (2.11)  by t h e i r  v a l u e s  

averaged over each computational c e l l  TT , say  

l i n e a r  p a r t i a l  d i f f e r e n t i a l  equation i n  each c e l l  

* 

n * 
A n =  An(U ) ,  etc., l e a d s  t o  a 

Ut + A%Jx + B%J = J(V + W  + F n ) ,  
Y X Y  

C%J +D”v = J Vx, 
X Y 

DnU + EnU = J Wx. 
X Y 

This  system w i l l  app rox ima te (2 .11 ) to  terms of second-order i n  t h e  mesh 

parameters  i f  IT is  s u f f i c i e n t l y  s m a l l .  Because (3.2) is  l i n e a r  i t  is  

f e a s i b l e  t o  c o n s t r u c t  a l i n e a r  manifold of s o l u t i o n s  i n  each ce l l  and then ,  

by means of a l g e b r a i c  equa t ions  which expres s  c o n t i n u i t y  cond i t ions  a t  t h e  

boundaries  of neighboring ce l l s  together  w i th  t h e  i n i t i a l  and boundary con- 

d i t i o n s  a s s o c i a t e d  wi th  t h e  problem, determine a s p e c i f i c  manifold which l e a d s  

t o  an approximation t o  t h e  s o l u t i o n  of (2.11). These a l g e b r a i c  cond i t ions  are 

expressed by t h e  f i n i t e  d i f f e r e n c e  equat ions ( 3 . 9 )  whose development we now 

desc r ibe .  

n 

n 
The fol lowing d i s c u s s i o n  concerns (3.2) i n  a f i x e d  c e l l  IT . With t h e  

c o e f f i c i e n t  matrices p a r t i t i o n e d  as i n  (2.10) i n t r o d u c e  t h e  fol lowing 
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D e f ini t ions : I3 is the 3X 3 i d e n t i t y  matrix; for a # 0, bll# 0 , 11 

-1 
2 1  11 12 2i22 E - A a A 

* -1 
B22 Z B22 - B 2 1  b 11 B 12 9 

- -1 .., 
ux c22 A22 

1 

( 3 . 3 )  u = - l -  
y - E22 B22 

Ax 
x 2 x  9 

0 = - u  

Ax 
Y 2 Y  

e E - u  Y 

Note that the system of differential equations AY = CY' has the 

general solution Y(x) = k ? ( x u x ) ~  where - a is a vector parameter- 
- 

Each of the terms I ,  (XI - tA), (yI - tB), ;i(;l(xuX), BR(y(oy) is 

thiis a s o l u t i o n  of ( 3 . 2 )  when F = 0 so that 

( 3 . 4 )  

describes a solution manifold of ( 3 . 2 ) .  
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Introduce t h e  d e f i n i t i o n s  

q ( e )  E coth 8 - 8 -  

r ( e )  E e - l  - ( s i n h e ) - l  

and consider  t h e  compact f i n i t e  d i f f e r e n c e  scheme 

(3.9) 

- - 
Qx - 

( 3 .  l o )  

.- - 
Rx - 

R E  
Y 

where Oxyey are def ined by (3 .3) .  
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It is  not d i f f i c u l t  t o  v e r i f y  t h a t  t h e  s o l u t i o n s  I , ( x I - t A ) ,  ( y I - t B )  

I 
I 1  

' I  
, 

i l  

I '  
I 

of (3.2) w i t h  F = O  s a t i s f y  (3 .9) ,  i . e . ,  t h e  t r u n c a t i o n  e r r o r  r e s u l t i n g  from 

these  so lu t ions  of (3.2) vanishes  when F = O .  More complex a l g e b r a i c  

manipulat ions a r e  r equ i r ed  t o  v e r i f y  t h a t ,  as a r e s u l t  of t h e  d e f i n i t i o n s  

of Q and R given by (3.10) ,  t h e  t r u n c a t i o n  e r r o r  due t o  t h e  s o l u t i o n s  

k!(xuX) and k ( y u  ) of (3 .2)  when F = 0 a l s o  vanish .  Thus, t h e  d i f f e r e n c e  

equat ions  (3.9) r e s u l t  i n  a zero t r u n c a t i o n  e r r o r  when app l i ed  t o  t h e  s o l u t i o n  
Y 

manifold (3.4) .  (This  argument is  s i m p l e r  than  t h a t  employed by P h i l i p s  

and'Rose [ 4 ]  and he lps  i l l u m i n a t e  t h e  r o l e  of t h e  ma t r i ces  Q and R i n  

( 3 . 9 )  i n  reducing t h e  t runca t ion  e r r o r  on t h e  s o l u t i o n  manifold.)  

For real va lues  of 0 t he  func t ions  q ( 0 )  and r(O) given by 

(3.8) are regular  i n  0 and are convenient ly  eva lua ted  by 

q ( 0 )  y 0 /3  , 0 s m a l l  

sgn 9 , 8 l a r g e  

(3.11) where sgn 0 = a l s o  

r ( 9 )  2 9 / 6  , 0 s m a l l  

, 9 large. -1 = e  

The matrices eX,0  given by (3.3) are g e n e r a l i z a t i o n s  of the ce l l  

Reynolds number. Consider ex: i f  S is  t h e  matrix which d i agona l i zes  

ex, say  s BXs = ex, then 

Y 

- -1 

and t h e  approximations g iven  i n  (3.11) may be used t o  e v a l u a t e  
- 

q ( Q  9 r (Bx) .  
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i I 

I .  

I 

A s  mentioned earlier, t h e  d i f f e r e n c e  equa t ions  (3.9) g e n e r a l i z e  similar 

equa t ions  which were desc r ibed  i n  P h i l i p s  and Rose [ 4 ]  when t h e  matrices 

C, D, and E w e r e  nonsingular .  Arguments given t h e r e  may b e  used t o  show 

t h a t  t h e  t r u n c a t i o n  e r r o r  i n  (3.9) i s  second o rde r  i n  t h e  mesh parameters  

independent of Bx,By.  

The r eade r  is asked t o  v e r i f y  t h e  f a c t  t h a t  t h e  a l g e b r a i c  e q u a t i o n s  

expressed by (3.9) t o g e t h e r  w i th  (2.9) l ead  t o  a determined system of equa t ions  

f o r  Un, Vn, and w”. When t h e  c o e f f i c i e n t  matrices i n  (3.9) are symmetric 

and cons t an t  an energy-norm est imate  f o r  t he  s o l u t i o n  may be given ( c f .  [ 4 ] ) ;  

i n  t h a t  ca se  t h e  e x i s t e n c e  and uniqueness of t h e  s o l u t i o n  and a l s o  t h e  

convergence of t h e  scheme f o r  a 

X = h t l h ,  A = A t l a y  r e s u l t s .  

when t h e  c o e f f i c i e n t  matrices i n  

p l a u s i b i l i t y  argument i n  t h e  fol 

X Y 

1 1 . 4 .  So lu t ion  Methods 

y f i x e d  v a l u e s  of t h e  mesh parameters 

It i s  p l a u s i b l e  t h a t  s imi la r  r e s u l t s  hold 

(3.9) are v a r i a b l e  and w e  appeal  t o  t h i s  

owing d i s c u s s i o n  without  e x p l i c i t  comment. 

a) A s  desc r ibed  i n  [ 4 ] ,  compact schemes of t he  type ( 3 . 9 )  may be solved 

by a 

two-step method: 

i )  by e l i m i n a t i n g  t h e  va lue  U common t o  (3.9a) and (3.9b) 
n e  

t h e r e  r e s u l t s ,  w i th  T = h t I 2 ,  
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where 

(4.2) 

px + T A ~ ~  d X J  

Ax 
c6X 7 Qx6x - pxJ 

X 

p + T B ~  -T6yJ 
Y 

Y AX 
- Q 6 - pyJ 
2 Y Y  

E6 
Y 

X 

X 

The s o l u t i o n  of (4.2) is  determined by un-& and t h e  imposed boundary 

cond i t ions  f o r  Un. A formal  AD1 s o l u t i o n  of (4 .1 ) ,  a c c u r a t e  t o  O(T ) ,  i s  

given by 

2 

(4.3) 

n G  
( i i )  Using t h e  s o l u t i o n  Un, Vn, Wn ob ta ined  from (4.1) U 

may be ca l cu la t ed  from e i t h e r  t h e  " leapfrog" equa t ion  (3.9a) o r  from (3-9b) .  
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1 

I n  employing ( 4 . 1 )  t h e  c o e f f i c i e n t  matrices are assumed t o  be eva lua ted  

n a t  t h e  c e n t e r  p o i n t  of t h e  c e l l  IT by s p a t i a l  averages  i n  t h e  c e l l ,  W e  

s h a l l  no t  pause t o  i n d i c a t e  how t h i s  may b e  approximated i n  the s o l u t i o n  

a lgor i thm.  

A drawback i n  employing ( 4 . 3 )  t o  s o l v e  ( 4 . 1 )  i s  t h a t  A t  must be s u i t a b l y  

r e s t r i c t e d ;  when the v i s c o s i t y  1-1 i n  ( 2 . 3 )  i s  s u f f i c i e n t l y  s m a l l  t h i s  r e s t r i c t i o n  

is approximated by t h e  CFL condi t ion  f o r  t h e  dominant hype rbo l i c  p a r t  of the 

ope ra to r  i n  ( 2 . 2 ) .  Presumably, i n  v i e w  of earlier remarks,  ( 4 . 1 )  i s  s o l v a b l e  

f o r  any va lue  of t h e  r a t i o  of mesh parameters 

t h i s ,  p a r t i c u l a r l y  f o r  t h e  ca l cu la t ion  of s t eady- s t a t e  s o l u t i o n s  of ( 3 . 9 ) ,  a 

more e f f e c t i v e  s o l u t i o n  method than ( 4 . 3 )  is  requ i r ed .  Th i s  t o p i c  w i l l  n o t  

be t r e a t e d  he re .  

X . I n  o rde r  t o  e x p l o i t  Ax'  y 

W e  remark, f i n a l l y ,  t h a t  t h e  ex is tence  of t h e  unique s o l u t i o n  of t h e  

a l g e b r a i c  equat ions  ( 4 . 1 )  i s  a consequence of t h e  (assumed) e x i s t e n c e  and 

uniqueness of t h e  f i n i t e  d i f f e r e n c e  equat ions  ( 3 . 9 ) .  

i n  ( 4 . 3 )  involve  t h e  s o l u t i o n  of a l g e b r a i c  

two-point boundary va lue  problems which can be obta ined  by a method due t o  

Keller [l] . A s impler  s o l u t i o n  method r e s u l t s  by observ ing  t h a t  Un may be  

obta ined  d i r e c t l y  by so lv ing  a block t r i d i a g o n a l  system of equat ions  ( c f .  

as w i l l  now be shown. The asymptotic consequences when 1-1 + O  w i l l  be  

desc r ibed  i n  s e c t i o n  6. 

px, py b )  The o p e r a t o r s  

[ 3 ] )  

The s o l u t i o n  of t h e  one-dimensional example 

I 
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t y p i f i e s  t h e  problem involved i n  applying (4.3) where P i s  given by ( 4 . 2 ) .  

I n  a c e l l  t h e  f i r s t  equa t ion  i n  t h i s  system can be w r i t t e n  

X 

Tn 
j 

where J '  I - J ,  The remaining equa t ions  can be solved f o r  t h e  v a l u e s  

n 
V j + l  w i th  the  r e s u l t  

-2 

( 4 . 5 )  

i n  which 

Ax = At/Ax, I ( ' ~  = 2Xx/Ax 

a f = 3[ (4, t I )  (I + XxA) + K ~ C ] ,  

and 

The p a i r  of va lues  Un vn are common t o  t h e  contiguous cel ls  

i n  each such c e l l  are given 

Vn 

j+i' j+$ 
n n  Expressions f o r  t h e  v a l u e  Vn 

j+$ 
r j  Y Tj+l. 

by ( 4 . 5 ) ;  t h e  r e s u l t  of equa t ing  t h e s e  expres s ions  f o r  

R = je is  

and s e t t i n g  
j++ 

This  b lock - t r id i agona l  system of equa t ions  may be e f f i c i e n t l y  so lved  f o r  

Un wi th  t h e  boundary c o n d i t i o n s  p r e s c r i b e d  by (2 .9 )  and t h e  v a l u e s  Vn 
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can then be obta ined  from ( 4 . 5 ) .  However, i n  o rde r  t o  e v a l u a t e  t h e  co- 

e f f i c i e n t  ma t r i ces  a , b- an e f f e c t i v e  means of approximating t h e  matrix i +  

Q, 
r e f e r e n c e  t o  t h e  Navier-Stokes equat ions (2.2) i s  t h e  s u b j e c t  of t h e  next  

def ined  by (3.10) must be considered. This  t o p i c ,  w i th  s p e c i f i c  

s e c t  ion.  

11.5. The Matr ices  Q and R 

The ma t r ix  Q, occu r r ing  

def ined  i n  terms of A and C 

i n  the  c o e f f i c i e n t s  a ,b i n  ( 4 . 6 )  w a s  

by (3.10) i n  terms of t h e  matrix q (ex ) ,  

is  s i m i l a r l y  
QY 

which i t s e l f  w a s  def ined  by (3.3) and (3.8).  The ma t r ix  

def ined  i n  terms of t h e  matrices B and E. 

Confining our a t t e n t i o n  t o  Qx, f i r s t  n o t e  t h a t  Q, is  given,  us ing  

(3.31, by 

( 5  1 )  

i n  which 

6 = (2+X/u) - l ,  

E = P,/Y 

. If 21.1 
PAX x by ex,1’ex,2’ex,3 , Denote t h e  e igenvalues  of (-16 

(5.3) 0 = € 1 6 ,  

then 

(5.4) e = u,  
X, 1 
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and ex,2’0x,3 are given as 

where M = u/c,  c2 = YRT. The following approximations resu l t :  

M = l  

1 
U 6  Y 
A -  - 2 ( l + u -  -) > 0, 2ex 2 

= 0 .  2ex, 3 
U 6  

M small 

2e 
x,2  = 1 + 0 > 0, U 6  

( 1 + u )  - - < o .  L E  2ex 3 

w2 U6 

M large 

Writing 

(5.9) 

then 

(5.10) 

0 0 ex, 1 

A ex = ( ;  e;2 O )  ’ 
3 
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where 

- 1  
I 
j 

(5.12) 

A s  a r e s u l t ,  

(5.13) 

0 s3-s2 

s-1 = (; ; -;;) + (s3-s2)  , 

(5.11) 

i n  which 

(ex,v - E  u) 
s =  
V E: (Y-1) T 9 

using (3.12) 

v = 2,3 .  

i n  which q ((%)Gx) may be approximated by using ( 3 . 8 ) .  

In view of (5 .6) ,  (5.71, (5.81, 

(5 14) 
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where 

6 ,  = -1 , 

= c )  , 

= 1  , 

where Mx = u/c .  

Thus, 

Mx 1 

PIx = 0 

Mx > 1. 

0 

and 

0 

noting (3 .10) .  
QY 

Similar expressions resu l t  for 

In the same manner, using (3.8) and (3 .10) ,  
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0 
(5.19) 

~ 

I 
I. 

with  similar r e s u l t s  f o r  Ry. 

Using (3.8) and (3.11) ,  t h e  results of t h i s  s e c t i o n  a l low t h e  co- 

e f f i c i e n t  matrices Q and R i n  (3.9) t o  be eva lua ted  as w e l l  as t h e  

c o e f f i c i e n t  matrices i n  (4.7) as descr ibed by ( 4 . 6 ) .  

, 

11.6. The Euler  Equations 

A s s u m e  t h a t  X = k = O .  The Euler equat ions  

then a r i s e  a s  t h e  formal  l i m i t  of t he  Navier-Stokes equat ions  (2.12) a s  t h e  

v i s c o s i t y  p -f 0. I f  U ( v )  denotes  t h e  s o l u t i o n  of t h e  Navier-Stokes 

equa t ions  wi th  c e r t a i n  i n i t i a l  and boundary c o n d i t i o n s ,  s i n g u l a r  per turba-  

t i o n  methods provide an  important  means of d e s c r i b i n g  t h e  sense  i n  which 

U(p) may be  approximated by a s o l u t i o n  U of t h e  Euler  equat ions  (6.1) 

i n  r eg ions  e x t e r i o r  t o  boundary l aye r s ,  shocks,  e t c .  where v o r t i c i t y  can 

be genera ted .  

The s o l u t i o n  Un(v) of t h e  f i n i t e  d i f f e r e n c e  equat ions  (3.9) t oge the r  

wi th  ( 3 . 4 )  determines an approximate s o l u t i o n ,  s ay  U(p,Ax), of U ( p )  i f  

w e  assume t h a t  U(p,Ax) -f U(v) as Ax + 0. The c o n s t r u c t i o n  employed i n  

(3.4) is similar i n  viewpoint t o  one which could be employed by a s i n g u l a r  

p e r t u r b a t i o n  method i f  one w e r e  t o  allow a much g r e a t e r  degree  of a l g e b r a i c  

complexity t o  be used i6 orde r  t o  impose connect ion formulas between sub- 

domains than  is p r a c t i c a l  when a n a l y t i c  r e s u l t s  a r e  p r i m a r i l y  d e s i r e d .  

formal ly ,  l i m  U(p,Ax) = U ( A x )  i t  is thus  r e a s o i ~ a b l e  t o  c o n j e c t u r e  t h a t  

U(Ax) provides  an approximation t o  t h e  E u l e r ' s o l u t i o n  U as w e l l .  

If, 

V + O  
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An important mathematical d i f f e r e n c e  between t h e  Navier-Stokes equa t ions  

(2.12) a n d t h e  Euler equat ion (6.1) l ies  i n  t h e  formulat ion of boundary 

cond i t ions .  For (2.12)  U(p)  may be p re sc r ibed  a t  boundaries  as i n d i c a t e d  

by (2.9) while  f o r  (6.1) only c e r t a i n  combinations of U as determined by 

c h a r a c t e r i s t i c s  are pe rmis s ib l e .  

is,  of course,  a f a m i l i a r  f e a t u r e  of s i n g u l a r  p e r t u r b a t i o n  problems. 

This r e d u c t i o n  of boundary c o n d i t i o n s  

W e  now propose t o  examine how t h e  Euler  boundary cond i t ions  

r e s u l t  from U(p,Ax) when 1-1 + 0 when ( 3 . 3 )  i s  employed. 

A s  descr ibed i n  1 1 . 4 ,  t h e  AD1 s o l u t i o n  method ( 4 . 3 )  used t o  s o l v e  

( 3 . 9 )  can be e f f e c t i v e l y  solved by employing t h e  b lock- t r id i agona l  system 

( 4 . 7 )  which w e  now consider  i n  t h e  s i m p l i f i e d  form 

n + n  
(6.2) -Ja- UR+l + b UI1-l + c Ui = gRy R = 1 , 2 , .  . . ,L-1, 

n n 
0 where h e r e  U and JUL are p resc r ibed  as in f low and outf low c o n d i t i o n s  ( c f .  

( 2 . 1 6 ) ) .  

With S given by (5.11) , l e t  

-1 us ing  ( 3 . 3 )  t o  d e f i n e  [C] , (5.17) may be w r i t t e n  

wh i l e ,  according to ( 4 . 6 ) ,  

A 

l i m  Ja- = 3 k(Qx- J )  [C]- ' ( I+ AxAi] 
P + O  
l i m  b + = $ [ ( ( I - J ) + c ( G  + J ) [ C ] - l ) ( I + ~ x A ) l  . 

X 
P + O  
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(6.7) 6, - J = (Ss)- l  

A simple c a l c u l a t i o n  y i e lds  

0 (1 - 5,)s2 s3 

s3 - ExS2 

(6.6) SIdiag(l,l,S,)]S-l = (&)-I 6s 0 
0 

where 6 s  = s3 - s2. Thus, assuming u > 0, s g n u  = 1 so t h a t  

-1 
1 

I 

Suppose 1.1 -f 0. For R = L-1, t h e  c o e f f i c i e n t  Ja- i n  (6.2) determines 

n t h e  in f luence  of t h e  outf low boundary condi t ion  

t h e r e  r e s u l t s :  

JUL; u s ing  (6.5) and (6.7) 

M > 1 ( 5 ,  = 1 ) :  
A 

here ,  Q, - J = 0. 

M 5 1 ( 5 ,  = 0,-1): h e r e ,  rank (6,- J) = 1. 

For R = 0, t h e  c o e f f i c i e n t  b+ i n  (6.2) s i m i l a r l y  determines t h e  i n f l u e n c e  

of t h e  inf low boundary condi t ion . Now, using (6.7) and (6 .8) ,  t h e r e  r e s u l t s  u; 

i -33- 



M > 1 (5, = 1): rank(Gx+J) = 3,  

M 5 1 (5, = 0,-1): rank(Gx+ J) = 2,  

+ i.e., rank b+ = 4 ( I f >  l), rank b = 3 (M I_ 1). 

Thus, the number of boundary conditions for (3 .9)  which are effective 

when p + O  may be summarized as: 

Outflow Inflow 

M > 1  0 4 

M < 1  - 1 3 

These are exactly the number of boundary conditions which are appropriate 

for the Euier equations (6.1). 

Summarizing, we have described a class of compact finite difference 

equations ( 3 . 9 )  for treating the Navier-Stokes equations when written in 

the form (2.12). For model problems in which the coefficient matrices 

appearing in these equations are symmetric and constant the resulting 

scheme can be shown to be convergent for all values of the mesh parameters 

h = AtlAx, X =At/Ay and also to provide second-order accuracy. In this 

theory the influence of the viscosity p primarily determines the size of 

the computational subdomains within which variations in the coefficient 

matrices A and B can be regarded as small. 

X Y 

An important feature of the finite difference scheme ( 3 . 9 )  is that the 

natural physical boundary conditions for the Navier-Stokes equations are 

employed; when p+O only the boundary conditions for the Euier problem 

influence the solution. 
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